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1. INTRODUCTION

With the advent of the information age, scientists are finding the surge of applied
mathematics a welcome tool for solving the large problems they face on a daily basis.
Physical geodesy is no exception. As computers became available and economical,
geodesists attempted to solve larger problems such as determining the shape of the
earth and describe the gravitational field. What compounded the problem was that
data from different sources became available and thus needed to be dealt with in an
effective framework of mathematics.

This paper attempts to present one such area of mathematical growth within the
scope of physical geodesy. In the late sixties and early seventies, geodesy was
formally introduced to the power of functional analysis. Due to the work of Krarup,
Moritz, Tengstrom, and many others, a synthesis of ideas involving norms, least
squares, and Hilbert spaces formulated into what is known as collocation. This work
outlines many of the definitions, properties and applications involved in this synthesis.

A background in linear algebra is assumed. Many of the derivations are too
lengthy to be presented but are referenced. It is the hope of the author, that the reader
supplement his reading with an introductory text in functional analysis while reading

this work.



2. VECTOR SPACES

Vector spaces occur in many sciences where applied mathematics play a
fundamental role. Geodetic science, as a whole, benefits from the existence of vector
space concepts. We tend to think of our geodetic measurements as being elements in a
three-dimensional vector space (at least in a static sense). To provide for a better
understanding of the material on Hilbert space, we begin with a brief summary of the
nature of vector space.

A vector space is defined as a non-empty set M , of elements m,, m,,..., m,,

(called vectors) on which two fundamental algebraic operations exist. These

operations are vector addition and scalar multiplication. Vector addition has the

following properties:
Commutative l+m=m+1
Associative : L+ (m+n)=(l+m)+n.

In a vector space, there exists the null vector (or zero vector) such that
l+06=1 ...(1)
l+(-l)=106 ...(2)
where 6 denotes the null vector. In scalar multiplication, we associate with every
vector / and scalar ¢, a vector /. Scalar multiplication possesses the properties:
Associative : o(Bl) = (af)l
Distributive : a(l +m)=al + om
(x+B) =od +pl.

The dimension of a vector space is defined as the number of linearly independent
vectors which spans the entire space. The set of these independent vectors form the
basis for the vector space.

This discussion on vector space is by no means complete, our intent here is to
refresh the reader on the basic properties of vector spaces. We shall see many of
these properties carry over into Hilbert space. For more about vector spaces, the

reader is asked to consult Joknson and Riess (1981) or any text on linear algebra.



3. INNER PRODUCT SPACE, PRE-HILBERT SPACE, NORMED SPACE
A vector space where an inner product is defined is classified an inner product
space. The inner product of two vectorsl = [1,, Ly, ..., 1, ]  and m = [ m,, m,, ..., m,]"

is defined the following way:

(Lm)=1 1m, . ()
i=1
This expression, in matrix form, is;
(.m)=1"m . (4)
Some examples of the variety of notation, concerned with the inner product, are:
(t.m)=(Lm)=(11m) =1, mg .. (5)
In this work, we will use the form in parentheses: ({,72). The titles “inner product
space” and “pre-Hilbert space” are synonymous and are used interchangeably in the
literature.

We mention the properties which inner products obey:
(x+y,z):(x,z)+(y,z)

Distributive: (ax,y) _ a(x,y)

Commutative (x,y):(y,x)

where the over-bar denotes the complex conjugate. In this work we will only consider
the real aspect of the space of interest. Therefore in this paper, the commutative
property of the inner product has no bearing.

Two vectors are said to be orthogonal if their inner product is zero, that is:
(l,m) =0 ... (5a)

The inner product of a vector with itself is defined as the norm of the vector:

=i S < ©

The norm has these basic properties:

H! IH = ‘! H‘I H (homogeneity) ... ()



[1|>0when 11 (positivity) .. (8)
HIH: 0 if and only if | =/ (definiteness) ... 9

The norm of the difference between two vectors is the distance or, mathematically, the

metric:
d(t,m)=i-m|=(1-m,i-m) ... (10)

Several properties are associated with the metric:
d(1,m) >0 when 7 = m (positivity) .. (11)
d(l,m):Oifandonlyifl=m ... (12)
d(t,m)=d(m.1) (symmetry) .. (13)
d(1.n)t d(1,m)+d(m,n) .. (14)

The last equation is the familiar triangle inequality in the context of a generalized
metric.
4. COMPLETENESS, HILBERT SPACE

Only one more property distinguishes a Hilbert space from a pre-Hilbert space.
this is the property of completeness.

We begin by generalizing the n-dimensional pre-Hilbert space by considering an
infinite dimensional space whose points are represented by vectors having

components [ = (ll,lz,! ,ln,! ) and having a finite squared sum:

)=

i=1

2
li‘ <l ... (15)

The inner product is the same as before in (3) except the upper limit of the summation
is infinity:

oo

(I,m):ZIimi ... (16)

i=1

The same holds true for the case of the norm:



.. (17)

and the distance:

... (18)

A sequence of vectors [, converges to a limit vector [ if, given any &€ > 0, there
exists V such that for » > NV, we have Hln ! IH <". A sequence satisfying Hln ! IH <" for

sufficiently large » and 7 is known as a Cauchy sequence. If every Cauchy sequence

in a space L converges and the limit of this convergence is contained in L, then L is

said to be complete. If the pre-Hilbert space is complete, it then becomes a Hilbert
space.

Lets, for the moment, take a look at a simple example which may help cement the
concepts underlying completeness. Consider a portion of the real line as a domain
defined as follows: X = (0,1]. This domain includes all points between zero and one.
The point at one is included in X, but the point at zero is not part of the space X.

We now introduce the sequence x, where x,, = 1/n and n = (1,2,...). This sequence is a
Cauchy sequence but in the space X, as defined, it does not converge because zero
(the limit of the convergence) is not an element of the space. This example illustrates
that convergence is not only dependent upon the sequence itself, but is also dependent
upon the space defined.

5. FUNCTION SPACE

Up to this point, we have discussed Hilbert spaces in the context of linear spaces.
We now extend our discussion to the realm of function spaces. Many of the definitions
and properties mentioned will carry over to the function space generalization.

Rather than treating the points in the Hilbert space L as vectors /;, we instead

consider these points as functions, such as 7(¢) over the interval @ < ¢ < b. We
define the functions 7(¢) to be continuous and upon squaring them and integrating,

they will have a finite result; that is, they are square integrable:



j:[f(t)fdt < oo ... (19)

A kernel K(z,s) is square integrable if the kernel is definedina <2 < b,anda < s <

b when they satisfy:
b b 2
Oa/d)ﬁK(x,s)g dxds< & ... (20)
together with;
b 2
%K(x,s)gdsdi .. (21)
and
J:[K(X,S)de<oo ... (22)

If functions of this type exist in a Hilbert space, then we call the space the Hilbert
Space of square integrable functions.
In a linear Hilbert space, we can write the general form of a linear
transformation as:
l=Am ... (23)

or in explicit series form:

=" am (=123.) . (24)

j=1
In function space, this notion of transformation carries over as the linear integral

operator, which has the form:
gty=1"_ Alt,u)f(u)du .. (25)

where the function f(«) corresponds to the vector 7, in equation (24), the argument «
corresponds to the index and the integral corresponds to the summation. The linear
integral operator transforms a function 7 into another function g. The function 4 (¢,u)
is known as the kernel of the operator. An equation of the type in (25) is called a
Fredholm equation of the first kind (Moiseiwitsch, 1977). The linear integral operator

can be written in a very convenient notation in which we can see how the properties



from linear space carry over to function space. Equation (25) can be written as the
simple expression:

g =Lf ... (26)
here L is the linear operator. It may or may not have an inverse, denoted L. In our
case here, the operator is an integral and its inverse would be the differential.

A special linear operator is 1he identity operator or unit operator, /. This operator,
when applied to a function 7, must return the function # unchanged, in mathematical
terms, this is expressed as:
f=1r ... (27)

The vector space analogy to the identity operator is the identity matrix or Kronecker
delta:

5..={1i_”:'7 ... (28)

Yo0ifiz g

The Kronecker delta, in vector space, has, in an analogous manner, the Dirac delta

function in function space. The corresponding function space expression to (27) is:
f(t)= "bfa/ ,uyf (u)du .. (29)

where the Dirac delta function is denoted as 6(t,u). In equation (29), the delta

function is acting as the kernel of the unit operator 7, but, as Moritz (1980) on page 29
points out, / is not an integral operator with an ordinary function as a kernel. The
term ordinary is used to distinguish from a “generalized function” which 6(t,u) is

in a functional analysis context.

The inner product in a function space is defined as:

(r.9)= !ia rOg(t)at .. (30)

which corresponds with equation (3). If g(f) equals 7(£), then the inner product

becomes the square of the norm, that is:

(f.£)= 0 (0 dt = .. (31)

With this information and considering (19), we can now begin to comprehend the

meaning of the phrase “a Hilbert space of square integrable functions with finite



norms,” which is used as a starting point in some advanced papers on collocation and

functional analysis.

In a vector space R", the basis vectors ¢, e, ..., e, are linearly independent and

satisfy the condition of orthonormality:
(e.e)=, . (32)
where the delta here refers to the Kronecker delta of equation (28). This is

generalized to the Hilbert function space L * by defining base factions , ¥, , which
satisfy
(ﬂj»ﬂy@j=LZ&m) ... (33)

Now any function, / contained within this space can be written as a combination of the

base functions, /"
f(ty=YfF @) ... (34)
i=1

The coefficients are found by forming the inner product of /and 7 :

f=(f).F ) .. (35)
Here, 7'is considered a linear functional because it relates the function #;(¢) to the
coefficient /; which is nothing but a real number associated to the function 7(?).

We can begin to see how these definitions apply to physical geodesy. The fully
normalized spherical harmonics are excellent candidates for base functions. through
the orthogonality relations of Heiskanen and Moritz (1967), page 29, the fully
normalized spherical harmonics satisfy, perfectly, the condition ascribed by equation
(33). The solution for the coefficients in a spherical harmonic series corresponds
ideally with equation (35).

From Heiskanen and Moritz (1967) we have the orthogonality relations given

as:



[[R,.(6.DR, (6.2)dc=0
ff S,.(6:2)S,(6,2)do =0 ... (36)

J?-J. ﬁnm(e’)’)éSr (O,A)do' =0

1 n"n 5 - 1 g ¢ _
o R B0& =S, B =l . (37)
I I

where F_{nm and §nm are the fully normalized harmonics as defined in (¢bid) equation
(1-73).
The solution for the coefficients, a  and 57 . from the fully normalized spherical

harmonic expression are

(¢bid) page 31:
_ 1 W AD &
anm - % ’#)an( ’#)d$£

Ys ... (38)

b, =— " HS, (", A3
O : nm 5

Comparing equation (38) with (35), we have here the following correspondences:

a ,b " correspond to f;;

nm’ “n

f(!,") correspond to f(¢), and;

"R d/, ™S d/ correspond to Fi(t).

6. LINEAR FUNCTIONALS
We mentioned earlier that in equation (35), the function f acted as a linear
functional in the context of using the inner product to obtain the coefficients of the
series in equation (34). More should be said about linear functionals, as they play a
very fundamental role in many classical and modern problems in physical geodesy.
The formal definition of a linear functional reads as follows: A linear functional /

is a linear operator with a domain in a function- (or vector-) space X, and a range in



the scalar field R of X (Kreyzig (1978), p.104). Very simply we can say that the linear
functional associates to a function (or vector) a real number.

To aid in clarifying the distinction between a linear functional and a linear
operator, let us now consider a geodetically relevant example. We write here the

Stokes' and Vening Meinesz' equations from Heiskanen and Moritz (1967), page 94:

N= % jcj AgS(y)do ... (39)

{ } jj {Cosa}do .. (40)
ArG dl// sina

where NV denotes tile geoid undulation, GG is a mean gravity value, £ is a mean radius
of the Earth, Ag is the gravity anomaly, and S(y) is the Stokes' function for a certain
spherical distance, y, between the gravity anomaly contributing to the undulation or
the deflection of the vertical (denoted by its components & and 71 ). The formulas (39)
and (40) are acting as linear functionals for the case that we are computing V or & and
7 at one point only of fixed coordinates (6,4). At a given point, the Stokes' functional
relates the vector space of gravity anomalies to the scalar values of V or £ and 7.
However, when we consider the regional function (say) of V, which is permissible
since NV is a function of position 6, A, then the integral in (39) acts as an operator. That
is to say, the Stokes' operator relates the vector of gravity anomalies to the regional
position vector of undulations. The same holds true for the Vening Meinesz' case.
7. REPRODUCING KERNELS AND DUAL SPACES

We now wish to examine the collocation technique in the context of a Hilbert
apace. We will find that the “elementary approach” of collocation is easily generalized
in terms of functional analysis. This is what Torbin Krarup did in his landmark work
in 1969. We will start by defining what a reproducing kernel function is, then a
discussion about dual space will come next, followed with some examples. We will
finish this paper by combining the tools developed here in such a. way to make a final

assault on applying Hilbert space to least squares collocation.



To begin our discussion on reproducing kernel functions, consider a Hilbert

space H of functions 7(P), where P is a point in a region B of three dimensional space

R®. To make the discussion geodetically relevant , we will think of this region B to be
the space exterior to some sphere where convergence of the spherical harmonic
expansions is guaranteed (e.g. the Bjerhammar sphere, ;). Consider a function
K(P,Q) which, as a function of P (i.e. () is fixed), belongs to the Hilbert space H. Also,
we define K(P,Q) to reproduce a function /(¢)) when the inner product of 7/(P) and
K(P,Q) is taken as a function of P. Mathematically, these two relations are written as:

K(P,Q)! H for Q fixed .. (41)
f(Q =(f(P),K(P,Q)), forall f ! H . (42)

If these two relationships are satisfied by A(P,®), then it is said that A(P,Q) is a
reproducing kernel function.

In the previous section, we introduced the linear functional. We indicated that
the linear functional takes a vector or functional quantity and transforms it into a real
number. The inner product defined in a function space (or a Hilbert space in our
consideration) may act as a linear functional. From equation (30), we define the

functional inner product as:
(h)=1" () ()t .. (43)

now if (%,7) equals some number u, then the inner product acts as a linear functional
on fand can be written in a short-hand notation as:

(”,) =u = L. ... (44)
Since the linear functional is nothing but a specialized inner product, then it has 1he
same properties as the inner product given earlier, in section 3. The linearity

condition holds for the linear functional:
L(/ ey 2g):! L)+, I(g) .. (45)
The norm of the linear functional is defined as the smallest number C which satisfies
1he following:
|1 e ... (46)



From equations (31) and (43), we can write (46) as:

‘!; h(t)f(t)dt‘ " Cyf !:’zagf(t)%dt . (47)

The value of C which, gives the norm of the linear functional, can be found by

substituting « for L (f) from (44) into (46), and dividing by the norm of /:

cr 2 ... (48)

I

Obviously, if the norm of 7'is zero, then the norm of the linear functional, denoted HL

is undefined. A linear functional is said to be bounded if its norm is finite.

The linear functionals, L, with the norm H LH form, by themselves, a normed space

called the dual space of A which is denoted by Moritz as H’. From equation (44) we
had:

L(f) = (b1 ... (49)
Here 7 is called the representer of L. It can be shown that the norm of the linear

functional is equal to the norm of the representer (Moritz (1980), p.199):
-1 0

This brings up a very interesting fact. From equation (49), we can see that for every
element : L € H' there corresponds an element h! H and vice versa. This property is
known as being isomorphic (further definitions relating to isomorphism can be found
in Berberian (1961), pages 55-56).
Equation (50) equates the two norms which gives an isometric quality to the
isomorphism. Isometry is defined as the equality of two norms defined in two different
spaces that are linked by a transformation. In this discussion, the link is through the
representer /.

What has been said in the last two paragraphs holds for any Hilbert space. Now
if our Hilbert space contains a reproducing kernel, K(7,), then the representer of a

functional Z has the form:

h(P) = L°K(P,Q) ... 51)



where the linear functional L? denotes that it acts on K(P,Q) as a function of Q.

The norm of Z, in the dual space, H’, is given by:
2
HLH =(L,L)=(h,h) ... (52)
from equation (50). This can be written equivalently:
(h,h)=(h(P), L°K(P,Q)), = L*(h(P),K(P,Q)), = L*h(Q)
from the linear quality of the linear functional L° and equation (42). Thus we see that

the norm of the linear functional is nothing but the functional applied to the

representer /:
| =Lh .. (53)

by combining equations (51) and (52).
If we apple another linear functional Z”, which is also an element of the dual space H’,

to ~(P) from equation (51), we get from (53):
[L[ = Lh="L"h(P)= L°L°K (P,Q) .. (54)

The corresponding case for the inner product of two linear functionals, both of which

are elements of 4’, we find
(L,L)=LL'K(P,Q) ... (55)

where L, and L, are the different functionals acting as functions of P and @
respectively. This equation is very familiar from the elementary discussion of

collocation. In the collocation application, K(P,®) is the covariance function of the
disturbing potential. The linear functionals Lf , L§ act upon K(P,@) to transform the

covariance for the disturbing potential into another covariance function in terms of
the type of data being used in the collocation solution (e.g. gravity anomalies, geoid
undulations, ete.).

From the elementary collocation discussion, we know that the covariance
function A(P,Q) is harmonic, that is, it is a solution to Laplace's equation (Moritz

(1980), section 10), given by:



EPQ=k [ﬁij P (cosy) .. (56)

rr

where P and @ have coordinates (6, A, ) and (6, A’, ) respectively and. where the

coefficients %, are such that the series converges in the region exterior to the
Bjerhammar sphere (defined earlier) and that they are all positive. Let us take the

fully normalized Legendre harmonics as base functions ¢;:

n+l
k _
v [ L1 R 9.0
2n+1\ r e

n+1
k _
,/ | B g 6,1)
2n+1\ r o

By the orthogonality relations for }_an and §nm , we can say they form an orthonormal

0,(P)= ... (57)

system of base functions. The kernel function may be represented in / by an

orthonormal system as mentioned above in terms of a series (Moritz, 1980):

K(P.Q=#!,(P),(Q . (59)
with ¢ (P) defined in (57), we get:
- m k‘ Rz n+l 3 3 o
K(P’Q) = Z 2 2%:1(;] (Rr[,lenm,+ SnmS Inm) e (59)

which, with the orthogonality relationships reduces to (56). Thus we have shown that
with the base functions defined as the fully normalized harmonics, we can derive, in a
general way through (58), the covariance function for the disturbing potential.

For two harmonic functions / and g given by:

f:ii('&nmﬁnm++§nm§nm) (603,)
n=0 m=0

g=1 1 (C,R, ++5,8,) . (60b)
n=0m=0

their inner product is (from (3)):



9= i(ﬂnmc‘:nm+|§nm5nm) .. (61)

and the norm of fis:

n

2 o2n+1 - =
I =%= E‘B(A+B) . (62)

n=0 n m=

The reproducing property of (42) can now be verified by using the inner product
definition used in (62). Let
g(P) = K(P,Q) with @ fixed,

then the coefficients in (60b) become, from (59):

n 1 n §v

nm:2n+1 nm’ nm:2n+1 nm °

Applying this into (61), we get”

(f(P),K(P,Q))P:!“ 2n+1 k_ In(

A R +B S' |=f
n=0 kn 2n+1r;1:0 nm nm nm) (Q)

nm

And thus we see that A(7,Q) is indeed a reproducing kernel.

8. COLLOCATION IN THE CONTEXT OF HILBERT SPACE

Thus far, we have developed a framework of functional analysis to define Hilbert
spaces, we discussed some of its properties and showed its usefulness in physical
geodesy. We will next take a look at some aspects of collocation where this framework
can be applied. We will start by showing the parallels between the covariance
functions and inner products of the corresponding functionals. This ties in with the
discussion in the previous section. Then we will briefly discuss the geometrical
application of Hilbert space to minimum error variances.

We defined the inner product of two linear functionals as (from (55)):
(L.,L)=LLK(P,Q) ... (63)
From the elementary discussion of collocation without noise and parameters, we had

the model:
l=BT=L,T ... (64)



where [ are the observations, B is the vector of linear functionals L;, and 7' is the
disturbing potential. Our problem is to find 7" given the linear functionals and the
observations . In that discussion, it was shown that the covariance between two

observed quantities is (Moritz (1980), p.86):
C, =cov(l,.l,)= L'LIK(P,Q) ... (65)

where | = L°T(P) and |, = LT (Q). Now we see from (63) that:

(L L ):cov(ll,lz)zc12 ... (66)

1 2
Now it becomes obvious that if we let the covariance function A(7,) act as the kernel
function then the covariances of the values of the two linear functions of 7" are the
inner products of the two functionals in the dual space H” (Moritz (1980), p.215).
If L,, equals L,, we find that the square of the norm of Z, in A’ is the variance of

the observation /;:
Lf:var(ll) ... (67)

Again, from the elementary discussion of collocation, We found that the signal vector

could be estimated by:

§=0 011 ... (68)

st 1l
where C, is the cross-covariance matrix between the signal and the observations, and

C, is the auto-covariance matrix of the observations, /. If we let:

h=CC' ... (68a)

st 1l
we then get:

s=hl ... (69)
In section 9 of Moritz (1980), we found that # was selected as a least squares estimate
in order to minimize the standard error of S.

Let the true signal, s, be given by a linear functional of the disturbing potential,

s, =ST ... (70)



where s, is the vector of true signals. Accordingly , let us write the estimated signal in

the same way:
§k =S T ... (71)
We wish to minimize the standard error o;:

Gk:

S;-S;H: minimum .. (72)
[some development steps are omitted here (cf., Moritz (1980), pages 216-217)]. Here is
where Hilbert space can be applied effectively. The linear functionals .S, and ék are

elements of the dual space /’. The estimate can be expressed as a linear combination

of functionals L:
R q
q:%m;i ... (73)
where the L, relate the disturbing potential with the g-number of observations:
l,=LT ... (74)
The functionals Z,; make up a linear subspace of /°, which we call H!. The condition

expressed in (72) corresponds to determining the orthogonal projection of .S, onto the

subspace H!.Since the orthogonal projector gives the minimum metric by the

projection theorem (which is not discussed here, it can be found in Luenberger (1969),
p-49). In other words, the error functional is minimized when it is orthogonal to all
functionals Z; spanning H/! . The orthogonality is established by the inner product
from equation (5a). Applied here, we have:
(8,15,.2,)=0 ... (75)
and from the distributive property of inner products we get:
(S.1,)-(S.L,)=0
. ... (76)
:>(Sk’ L ):(Sk’ L, )

Now substituting (73) into (76), we find:



R q
Sk:!_lhki(Li,Lj):(Sk,Lj) . (77)
and putting into matrix form, remembering the correspondence between inner

products and covariances of equation (66):
hc,=0, ... (78)

which now shows the Hilbert space derivation of equation (68a).

Many other applications of Hilbert space could be shown but rather than
expound upon them here, I refer the reader to Moritz (1980) sections 24 and 25, and
Meissl (1976).

9. CONCLUSIONS

We have, in this paper, many of the terms used in functional analysis concerning
Hilbert spaces, studied many of their properties and examined several applications of
these concepts in physical geodesy. I have neglected to mention much of the recent
work being done in this area because my intent was to provide an introductory
presentation. The current research is focused on broadening our insight by applying
functional analysis in a detailed manner. A recent contribution by J. A. R. Blais
concerns duality operators and how they aid our understanding of least squares
estimation in a Hilbert space context (Blais, 1983).

It is this author's feeling that Blais is correct in stating that with further
investigation, more powerful mathematical tools will become available for solving
problems in approximation and estimation.
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